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Abstract
The spontaneous breaking of chiral symmetry is examined by chiral effective theories, such as the linear σ model and
the Nambu–Jona-Lasinio (NJL) model. Indicating that sufficiently large contribution of the UA(1) anomaly can break
chiral symmetry spontaneously, we discuss such anomaly driven symmetry breaking and its implication. We derive a
mass relation among the SU(3) flavor singlet mesons, η0 and σ0, in the linear σ model to be satisfied for the anomaly
driven symmetry breaking in the chiral limit, and find that it is also supported in the NJL model. With the explicit
breaking of chiral symmetry, we find that the chiral effective models reproducing the observed physical quantities
suggest that the σ0 meson regarded as the quantum fluctuation of the chiral condensate should have a mass smaller
than an order of 800 MeV when the anomaly driven symmetry breaking takes place.
Keywords: dynamical breaking of chiral symmetry, chiral effective models, UA(1) anomaly, η
′ meson, scalar meson
1. Introduction
Chiral symmetry and its dynamical breaking are
the most important ingredients of quantum chromo-
dynamics (QCD). There are several effective theories
which model chiral symmetry in QCD. In the linear σ
model [1], chiral symmetry is realized by the scalar and
pseudoscalar mesons, which are transformed each other
by the chiral transformations. The emergence of the
vacuum expectation values of the I = 0 scalar fields
break the chiral symmetry spontaneously, and the pseu-
doscalar mesons become the Nambu-Goldstone bosons
associated with the spontaneous breaking. In stan-
dard σ models, a negative coefficient of the quadratic
term of the self-energy of the scalar field induces the
spontaneous chiral symmetry breaking. In the Nambu–
Jona-Lasinio (NJL) model [2], chiral symmetry is de-
fined for the quark fields in the same way as QCD,
and a sufficiently strong four-point coupling of the
quark fields breaks chiral symmetry dynamically and
the quark masses are generated.
Quantum anomaly [3, 4, 5] is also one of the most
important phenomena in QCD. The quark triangle loop
∗Corresponding author
breaks the U(1)A symmetry for the quark field explic-
itly [6, 7, 8], and it makes the η′ meson fail to be-
come a Nambu-Goldstone boson associated with the
dynamical breaking of the three-flavor chiral symme-
try [9]. Such U(1)A symmetry breaking can be also im-
plemented to the chiral effective theories, for example,
by the determinant type Kobayshi-Maskawa-’tHooft in-
teraction [10, 11, 12, 13, 14, 15, 16].
The properties of the light scalar meson, σ, are also
interesting issues. There must exist the scalar fields
which transform into the pion fields under the chiral
transformation, i.e. the chiral partners of the pions. It
is not well known yet how such scalar fields appear in
the physically observed spectra. There are a lot of in-
terpretations of their structure, such as two-quark q¯q,
tetraquark q¯q¯qq, glueball, two-pion or pion-kaon corre-
lation and their mixture (see e.g., Refs. [17, 18, 19, 20,
21, 22, 23, 24, 25, 26, 27]). Certainly it is very impor-
tant to know the properties of the quantum fluctuation
of the chiral condensates.
In this article, by using the linearσmodel [28, 29, 30]
and the NJL model [31, 32, 33, 34] for three flavors
with the anomaly contributions, we see that, despite
the situation that chiral symmetry is not broken spon-
taneously without the anomaly term, chiral symmetry
is to be broken spontaneously, if the anomaly contribu-
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tion is large enough. We examine the condition on the
mass of the flavor singlet scalar meson σ0 and compare
the η′ mass with the chiral symmetry breaking mass
scale when such an anomaly driven symmetry breaking
takes place. The spontaneous chiral symmetry breaking
plays a significant role also for the generation of the η′
mass [35, 36].
In this paper we assume that η′ is a flavor singlet and
do not introduce the mixing with the octet η8 for sim-
plicity, encouraged by the fact that the mixing angle be-
tween η0 and η8 is found to be small thanks to the large
mass difference of the singlet and octet isoscalar pseu-
doscalar mesons. In order to discuss the quantitative
feature of the mass scale of the scalar mesons, we do
not consider the flavor mixing in the scalar fields, either.
For more quantitative analyses one should introduce the
mixing in both scalar and pseudoscalar mesons.
This paper is organized as follows. In Sec. 2, using
the linear σ model we show that the anomaly driven
symmetry breaking takes place with a sufficiently large
anomaly contribution and find the condition for the σ0
mass in the anomaly driven breaking. In Sec. 3, we con-
firm that the NJL model provides the consistent conse-
quences with the linear σ model. Section 4 is devoted
to summary of this article.
2. Linear σ model
Let us start with introducing the linear σ model for
three flavors with the UA(1) breaking term. The La-
grangian of the linear σ model that we consider here
is given in Refs. [37, 38] as
Lσ =1
2
Tr[∂µΦ∂
µΦ†] − µ
2
2
Tr[ΦΦ†]
− λ
4
Tr[(ΦΦ†)2] − λ
′
4
(
Tr[ΦΦ†]
)2
+ A Tr[χΦ† + χ†Φ] +
√
3B(detΦ + detΦ†). (1)
We consider the meson fields Φ and Φ† to belong to
the (3, 3¯) ⊕ (3¯, 3) representation of the SU(3)L⊗SU(3)R
chiral group, under which the meson fields Φ and Φ†
transforms as
Φ→ LΦR†, Φ† → RΦ†L† (2)
with the SU(3)L and SU(3)R transformations, L and R,
respectively. The external scalar field χ is supposed to
transform as χ → LχR† under the SU(3)L and SU(3)R
symmetry, and thus the Lagrangian (1) is invariant un-
der these transformations.
In the (3¯, 3) ⊕ (3, 3¯) multiplet, the scalar and pseu-
doscalar mesons in the singlet and octet representations
of SU(3)V , 18 mesons in total, are included as shown in
Ref. [36]. The meson field Φ is written with the scalar
meson field Φs and the pseudoscalar meson field Φp as
Φ = Φs + iΦp =
8∑
a=0
λaσa√
2
+ i
8∑
a=0
λaπa√
2
, (3)
where λa (a = 1, . . . , 8) are the Gell-Mann matrices and
λ0 =
√
2
3
1 with the unit matrix 1. These matrices are
normalized as Tr(λaλb) = 2δab for a, b = 0, 1, . . . , 8.
The scalar and pseudoscalar fields, σa and πa, are chi-
ral partners and transform each other under the chiral
rotations. The external scalar field χ is given by scalar
and pseudoscalar fields, S and P, as χ = S + iP and
they are fixed as S = M ≡ dia(mq,mq,ms) and P = 0.
The finite quark masses, mq , 0, ms , 0, introduces
the explicit chiral symmetry breaking. We assume the
isospin symmetry by mq = mu = md, and with a heav-
ier strange quark mass ms > mq the flavor symmetry is
broken. The term with coefficient B breaks the UA(1)
symmetry explicitly.
In the mean field approximation at the tree level, the
effective potential is given by
V =
µ2
2
Tr[ΦΦ†] +
λ
4
Tr[(ΦΦ†)2] +
λ′
4
(
Tr[ΦΦ†]
)2
− A Tr[M(Φ† + Φ)] −
√
3B(detΦ + detΦ†). (4)
For the stability of the system, we assume λ > 0 and
λ′ > 0. The vacuum is defined by the minimum of the
effective potential.
Let us first consider the chiral limit withmq = ms = 0.
The system has no explicit breaking of chiral symmetry
and possesses the SU(3) flavor symmetry. The effective
potential in the chiral limit is calculated as
V =
1
2
µ2〈σ0〉2 +
1
4
(
λ
3
+ λ′)〈σ0〉4 −
2
3
B〈σ0〉3. (5)
The vacuum condision is obtained by ∂V
∂σ0
= 0 at σ0 =
〈σ0〉 and the other meson fields vanishing as
〈σ0〉
[
µ2 + (
λ
3
+ λ′)〈σ0〉2 − 2B〈σ0〉
]
= 0. (6)
This equation has a trivial solution 〈σ0〉 = 0. Nontrivial
solutions, 〈σ0〉 , 0, are also possible if the discriminant
of the quadratic equation
∆ = B2 − µ2(λ/3 + λ′) (7)
is positive. In the case of B = 0, for µ2 > 0, only
the trivial solution is possible because of ∆ < 0 due
2
to λ > 0 and λ′ > 0. Thus, chiral symmetry is not bro-
ken. For µ2 < 0, because the discriminant is always
positive, ∆ > 0, and the system with 〈σ0〉 = 0 is un-
stable, the vacuum is realized with a finite 〈σ0〉, which
breaks chiral symmetry spontaneously. In this way, the
sign of µ2 controls the nature of the vacuum. This is a
conventional understanding for the spontaneous break-
ing of chiral symmetry in the linear σ model.
Here let us consider the situation that chiral symmetry
is spontaneously broken with µ2 > 0 and B , 0. Even
though µ2 > 0, with appropriate values of B satisfying
B2 > µ2(λ/3 + λ′), the discriminant ∆ can be positive
and one finds solutions of the vacuum condition:
〈σ0〉 = B ±
√
∆
λ/3 + λ′
. (8)
There are two solutions for this quadratic equation. The
effective potential has a local minimum at the solution
with the + sign in Eq. (8) and a local maximum at the
other solution. For µ2 > 0, the effective potential has a
local minimum also at 〈σ0〉 = 0. To realize the vacuum
with 〈σ0〉 , 0, the effective potential has to be the min-
imum there. The value of the effective potential at the
vacuum σ0 = 〈σ0〉 is calculated as
V |σ0=〈σ0〉 =
1
4
µ2〈σ0〉2 − 1
6
B〈σ0〉3, (9)
where we have used Eq. (8) with + sign. To have the
minimum at σ0 = 〈σ0〉, V |σ0=〈σ0〉 < V |σ0=0 = 0, that is,
( 0 < ) µ2 <
2
3
B〈σ0〉. (10)
We call such a solution anomaly driven solution.
We express the condition for the anomaly driven so-
lution with physical observables. The masses of σ0 and
η0 can be calculated at the tree level as a curvature of
the effective potential at the vacuum point:
m2σ0 = µ
2 + (λ + 3λ′)〈σ0〉2 − 4B〈σ0〉
= −2µ2 + 2B〈σ0〉, (11)
m2η0 = µ
2 + (
λ
3
+ λ′)〈σ0〉2 + 4B〈σ0〉
= 6B〈σ0〉, (12)
with Eq. (8). From Eqs. (11) and (12), we find a relation
6µ2 = m2η0 − 3m2σ0 . (13)
Therefore, for the anomaly driven solution which satis-
fies Eq. (10), one should have
1
9
m2η0 < m
2
σ0
< 1
3
m2η0 , (14)
which implies that the σ0 mass should be small. This
inequality can be understood as follows. The η0 mass is
given by the anomaly parameter B in the chiral limit,
while the σ0 mass is determined also by µ
2. In the
anomaly driven solution, the anomaly term plays a more
significant role than the µ2 term. For that reason, the pa-
rameter B has a larger value and the η0 mass should be
sufficiently large.
It is also interesting that the usual spontaneous break-
ing takes place for the case of
m2η0 < 3m
2
σ0
. (15)
This implies that the σ0 mass should be sufficiently
large for the standard spontaneous breaking. Here the
σ0 field is a quantum fluctuation mode of the conden-
sate which breaks the chiral symmetry spontaneously,
i.e. a chiral partner of the Nambu-Goldstone boson. The
actual scalar meson can be a mixture of σ0 and other
components.
In Fig. 1, we show a schematic plot of the effec-
tive potential V for three typical cases. The dotted
line presents the standard spontaneous breaking. At
the origin the effective potential has a local maximum
and the chiral symmetry is spontaneously broken with
〈σ0〉 , 0. The solid line shows the effective potential
for the anomaly driven solution, where thanks to µ2 > 0
the effective potential is convex downward at σ0 = 0 but
it has the minimum at σ0 , 0. If the σ0 mass evaluated
at the vacuum with the finite 〈σ0〉 is sufficiently small,
i.e. m2σ0 < m
2
η0
/9, the chiral symmetry is not sponta-
neously broken.
For more quantitative discussion, we introduce the fi-
nite quark masses; ms > mq , 0. The flavor SU(3)
breaking allows us to have a finite value of 〈σ8〉. The
vacuum conditions are obtained by ∂V
∂σ0
= ∂V
∂σ8
= 0 with
σ0 = 〈σ0〉, σ8 = 〈σ8〉 and vanishing other meson fields.
Here we would like to derive the extension of the re-
lation (13) off the chiral limit. For a finite 〈σ0〉, the
vacuum conditions read
µ2 +
λ
3
〈σ0〉2(1 + 6ǫ2 − 2ǫ3) + λ′〈σ0〉2(1 + 2ǫ2)
− 2A2mq + ms〈σ0〉
− 2B〈σ0〉(1 − ǫ2) = 0, (16)
µ2ǫ + λ〈σ0〉2(ǫ − ǫ2 + ǫ3) + λ′〈σ0〉2(ǫ + 2ǫ2)
− 2Amq − ms〈σ0〉
+ 2B〈σ0〉(ǫ + ǫ2) = 0, (17)
from ∂V
∂σ0
= 0 and ∂V
∂σ8
= 0, respectively. Here we have
introduced the flavor SU(3) breaking parameter ǫ as
ǫ =
〈σ8〉√
2〈σ0〉
. (18)
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Figure 1: Schematic plot of the effective potential of the linear σ
model in the chiral limit as a function of the σ0 mean field scaled
to the vacuum expectation value 〈σ0〉, σ0/〈σ0〉, in arbitrary units.
The dotted, solid and dashed lines are calculations with m2η0 < 3m
2
σ0
,
3m2σ0 < m
2
η0
< 9m2σ0 and 9m
2
σ0
< m2η0 , respectively, (these masses are
evaluated at the vacuum with the finite 〈σ0〉). The standard breaking
is for the case of the dotted line, while the anomaly driven breaking
takes place with the case of solid line.
At the tree level, the condensates are written in terms of
the meson decay constants as
〈σ0〉 =
1√
6
( fπ + 2 fK), (19)
〈σ8〉 = 2√
3
( fπ − fK), (20)
where fπ and fK are the pion and kaon decay constants,
respectively. Using observed values fπ = 92.2 MeV
and fK = 110.4 MeV, we determine the values of the
condensates as 〈σ0〉 = 128 MeV and 〈σ8〉 = −21.0
MeV [37]. Thus, we find the value of ǫ as
ǫ = −0.116. (21)
The masses are calculated as
m2σ0 = µ
2 + λ〈σ0〉2(1 + 2ǫ2)
+ λ′〈σ0〉2(3 + 2ǫ2) − 4B〈σ0〉, (22a)
m2η0 = µ
2 +
λ
3
〈σ0〉2(1 + 2ǫ2)
+ λ′〈σ0〉(1 + 2ǫ2) + 4B〈σ0〉, (22b)
m2π = µ
2 +
λ
3
〈σ0〉2(1 + 2ǫ + ǫ2)
+ λ′〈σ0〉2(1 + 2ǫ2) − 2B〈σ0〉(1 − 2ǫ), (22c)
m2η8 = µ
2 +
λ
3
〈σ0〉2(1 − 2ǫ + 3ǫ2)
+ λ′〈σ0〉2(1 + 2ǫ2) − 2B〈σ0〉(1 + 2ǫ). (22d)
From Eqs. (16), (17) and (22), we obtain the relation
6µ2
(
1 − 1
2
ǫ
)
= m2η0
(
1 − 1
2
ǫ − 6ǫ2 + ǫ3 − 8ǫ4
)
− 3m2σ0
(
1 − 1
2
ǫ + 2ǫ2 − ǫ3
)
+ m2η8
(
4 − 5ǫ + 6ǫ2 − 8ǫ3 + 4ǫ4
)
+ m2π
(
4 + ǫ + 6ǫ2 + 4ǫ3 + 4ǫ4
)
, (23)
and with Eq. (21)
6µ2 = 0.92m2η0 − 3.08m2σ0 + 4.42m2η8 + 3.96m2π. (24)
Using observed values of the meson masses, mη′ =
958 MeV, mη = 550 MeV, mπ = 140 MeV, where we
omit to resolve the mixing of η0 and η8 thanks to the
small mixing angle, we find that
mσ0 < 840 MeV, for µ
2 > 0, (25)
mσ0 > 840 MeV, for µ
2 < 0. (26)
This means that, if the anomaly driven breaking of chi-
ral symmetry takes place, the mass of the σ0 meson,
which is the quantumfluctuation mode of the chiral con-
densate, should be smaller than 840 MeV. This is very
interesting, because, if the light scalar resonance ap-
pearing around 500 MeV in the ππ scattering with I = 0
is the chiral partner of the pion, that is the above σ0
meson, or at least it has a large contribution of the σ0
meson, the anomaly driven chiral symmetry breaking
should take place. Alternatively if we could rule out the
anomaly driven solution from some reason, we would
have the lower limit of the mass of the σ0 meson.
3. Nambu Jona-Lasinio model
Let us consider the Nambu Jona-Lasinio model (NJL
model) for the three flavors with the anomaly term [32].
The Lagrangian is given as
L NJL = ψ¯(i∂/ −M)ψ + gS
8∑
a=0
[(
ψ¯
λa
2
ψ
)2
+
(
ψ¯iγ5
λa
2
ψ
)2]
+
gD
2
{
det[ψ¯i(1 + γ5)ψ j] + det[ψ¯i(1 − γ5)ψ j]
}
(27)
for the quark field ψ = (u, d, s)T , where M is the
quark mass matrix given by M = diag(mq,mq,ms)
with assuming isospin symmetry mq = mu = md, λ
a
(a = 0, 1, . . . , 8) are the Gell-Mann matrices, det is de-
terminant taken in the flavor space, gS is the coupling
constant for the four-point vertex and gD is the coupling
4
constant for the determinant-type UA(1) breaking term.
These coupling constants are dimensionful.
In the mean field approximation, the dynamical quark
masses, Mq and Ms, are calculated by the gap equations:
Mq = mq − gS 〈q¯q〉 − gD〈q¯q〉〈s¯s〉, (28a)
Ms = ms − gS 〈s¯s〉 − gD〈q¯q〉2, (28b)
where 〈q¯q〉 = 〈u¯u〉 = 〈d¯d〉 with the isospin symmetry.
The quark condensate is evaluated by the quark prop-
agator S F(x) = −i〈0|Tq(x)q¯(x)|0〉 with the dynamical
mass Mq as
〈q¯q〉 = −iNclim
x→0
Tr[S F(x)], (29)
for the number of color Nc = 3 and Tr taken for the
Dirac indices. In our formulation we use the three mo-
mentum cutoff Λ to calculate the momentum integral in
limx→0Tr[S F(x)] by following the suggestion given in
Ref. [34]. The explicit form is given in Eq. (A.1). In
this work the cutoff is fixed at Λ = 602.3 MeV as an
example. The three-momentum cutoff Λ restricts the
quark momentum not the energy of the virtual quark.
For detailed qualitative calculations, one should fix it so
as to reproduce the physical quantities such as the me-
son decay constants.
The effective potential in the mean field approxima-
tion is given by
V(Mˆq, Mˆs)
= Nc
∑
f=q,q,s
i
∫
d4p
(2π)4
Tr
log(p/ − Mˆ f ) + p/ − m f
p/ − Mˆ f

− gS
2
(2〈q¯q〉2 + 〈s¯s〉2) − gD〈q¯q〉2〈s¯s〉. (30)
This is a function of the dynamical quark masses Mˆq
and Mˆs. The explicit form of the first term of Eq. (30)
is given in Eq. (A.2). The stationary points against the
variation of the quark masses are given by the gap equa-
tions (28).
The mesons are obtained as a pole of the scattering
amplitude T for the two-body q¯iq j channel having the
same quantum number as the meson. The T -matrix is
obtained as a solution of the Bethe-Salpeter equation
T = K + KJT, (31)
where J is the quark loop function. The explicit forms
of the pseudoscalar and scalar channels are given in
Eqs. (A.3), (A.4) and (A.5), and the loop functions for
each channel are given in Eqs. (A.8). In this work we
use the ladder approximation to calculate the Bethe-
Salpeter equation (31). The loop function is calculated
using the three momentum cutoffwith the same value of
Λ as in the calculation of the quark condensate. The in-
teraction kernels K for the four-quark interaction are ob-
tained from the determinant-type six-point vertex with
insertion of one quark condensate as well as the four-
point vertex according to the mean field approximation.
The explicit forms of the interaction kernels for the η0,
σ0, π, K and η8 are listed in Eqs. (A.9). Here we as-
sume the quark contents of η0 and σ0 to be the flavor
singlet 1√
3
(u¯u + d¯d + s¯s) and that of η8 to be the fla-
vor octet 1√
6
(u¯u + d¯d − 2s¯s). The pole position of the
T -matrix can be found by solving
1 − KJ(√s) = 0, (32)
for the single channel case. Bound states are found be-
low the threshold of the quark and antiquark produc-
tion in the first Riemann sheet of the complex
√
s plane,
while virtual and resonance states are found in the sec-
ond Riemann sheet.
Let us consider first the chiral limit withmq = ms = 0,
where it is easier to identify the dynamical symmetry
breaking by nonzero quark condensates. There we have
also the flavor SU(3) symmetry as 〈q¯q〉 = 〈s¯s〉 and Mq =
Ms. The effective potential per flavor, V˜ ≡ V(M)/N f , is
given by a function of the dynamical quark mass M for
M ≥ 0
V˜(M) = V˜(0)
√
1 +
M2
Λ2
− 3
4
M〈q¯q〉− gS
2
〈q¯q〉2− gD
3
〈q¯q〉3,
(33)
with V˜(0) = − 3Λ4
4π2
. From Eq. (A.1), one can easily see
that 〈q¯q〉 decreases monotonically as M increases and
approaches a constant gradually at large M ≫ Λ in the
current regularization. With 〈q¯q〉 = 0 at M = 0, one
finds that 〈q¯q〉 has a negative value. The vacuum condi-
tion is obtained by ∂V˜
∂M
= 0 at M = Mq as
(−Mq − gS 〈q¯q〉 − gD〈q¯q〉2) ∂〈q¯q〉
∂M
∣∣∣∣∣
M=Mq
= 0. (34)
Because one finds that
∂〈q¯q〉
∂M
has a nonzero negative
value while Eq. (34) has a trivial solution with Mq = 0,
nonrivial solutions of Eq. (34) are obtained by solving
the gap equation Mq + gS 〈q¯q〉 + gD〈q¯q〉2 = 0.
We calculate the curvature of the effective potential
V˜(M) at the origin:
∂2V˜(M)
∂M2
∣∣∣∣∣∣
M=0
=
3Λ2
2π2
(1 − 3Λ
2
2π2
gS ). (35)
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Figure 2: Schematic plot of the effective potential calculated by the
NJL model in the chiral limit and the mean field approximation as
a function of the dynamical quark mass M scaled to the nontrivial
solution Mq of the gap equation. We have removed trivial constant
terms for comparison. The calculation is done with GS = 0.96, GD =
−0.65 (dashed line), GS = 0.96, GD = −0.7 (solid line) and GS =
1.01, GD = −0.7 (dotted line). See text for the details.
This implies that for gS > g
crit
S
, where the critical value
is defined by gcrit
S
= 2π2/(3Λ2), the effective potential
has a local maximum at M = 0 and the minimum value
at M = Mq with a finite Mq. This is the standard sce-
nario of the dynamical breaking of chiral symmetry in
the NJL model.
Even though the effective potential has a local min-
imum at the origin with gS < g
crit
S
, if Eq. (34) has a
solution with a finite Mq and the effective potential has
the minimum value there, chiral symmetry is dynami-
cally broken. That is possible with negative values of
gD provinding
∂2V˜(M)
∂M2
∣∣∣∣∣∣
M=Mq
> 0, V˜(Mq) < V˜(0), (36)
with a finite Mq satisfying Eq. (34). We call this situa-
tion anomaly driven symmetry breaking.
In Fig. 2, we show three examples of the effective
potential as functions of the dynamical quark mass M
scaled to the nontrivial solution of the gap equation, Mq.
In the plot, trivial constant terms are removed for com-
parison. Here we have introduced dimensionless cou-
pling constants defined by
GS =
gS
gcrit
S
=
3Λ2
2π2
gS , (37a)
GD =
ΛgD
(gcrit
S
)2
= Λ
(
3Λ2
2π2
)2
gD. (37b)
The calculation is done with three examples; dashed
line (GS ,GD) = (0.96,−0.65), solid line (GS ,GD) =
(0.96,−0.7) and dotted line (GS ,GD) = (1.01,−0.7).
For GS = 1.01, gS is larger than the critical value g
crit
S
and the effective action does not have a local minimum
at M = 0, and thus chiral symmetry is broken dynami-
cally without the anomaly term. In contrast, for GS < 1,
the effective potential has a local minimum at M = 0
and with sufficiently large GD in magnitude the effec-
tive potential has the minimum at a nonzero quark mass.
The latter situation is the anomaly driven breaking.
In order to see the condition of the dynamical break-
ing in more details, we show in Fig. 3 (1) a phase dia-
gram for the dimensionless model parameters (GD,GS )
with which the dynamical breaking of chiral symme-
try takes place with a finite quark mass Mq. The figure
shows the dynamical breaking phase in the black and
gray areas. As one sees, for GD < 0, chiral symmetry is
dynamically broken, even though the coupling constant
Gs is smaller than its critical value.
In Fig. 3 (2), we show the dynamical quark masses
obtained by a parameter set (GS ,GD). It is shown that
the stronger GD in magnitude provides the larger dy-
namical mass. In the black area labeled by ‘a’, the dy-
namical quark mass is obtained with the anomaly driven
breaking, that is GS < 1, while in the gray area labeled
by ‘b’, it is obtained with the standard symmetry break-
ing GS ≥ 1. The figure shows that the dynamical quark
mass in the anomaly driven breaking is smaller than that
in the standard symmetry breaking for each GD.
In Fig. 3 (1), the properties of the η0 meson are cat-
egorized by the gray scale. The black region labeled
by ‘I’ represents where the η0 meson is found as a bound
state of a quark and an antiquark. In region I, only the
usual chiral symmetry breaking takes place. This is con-
sistent with the linear σ model where for the lighter η0
masses the usual symmetry breaking takes place. The
dark gray area specified by ‘II’ in Fig. 3 (1) shows the
region that the η0 meson is found as a resonance or a vir-
tual state in the second Riemann sheet, where the reso-
nances appear above the 2Mq threshold. In region II, the
anomaly driven breaking can take place. This implies
that for a heavier η0 mass the anomaly driven breaking
can take place. This is also consistent with the linear
σ model. In the gray areas labeled by ‘III’, no solution
of Eq. (32) for the η0 meson is found in the region of
Remη0 < 2
√
M2q + Λ
2 1 and −Immη0 < 2Mq. In partic-
ular, for GD = 0 the η0 meson would be found massless
as a Nambu-Goldstone boson associated with the dy-
namical breaking of the U(3)L⊗U(3)R chiral symmetry,
and for GD > 0, the η0 meson receives further attrac-
tion which makes η0 unstable. Thus, we do not consider
1The loop functions J(M) have a singularity at
√
s = 2
√
M2 + Λ2.
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Figure 3: Upper (1): Phase diagram for the dimensionless coupling
constants GD and GS in the chiral limit. The dimensionless parame-
ters are given in Eqs. (37). The black and grey areas indicate pairs of
the coupling constants where chiral symmetry is dynamically broken.
In region I, the η0 meson is found as a bound state, while it is a virtual
state or a resonance in region II. In region III, there is no solution for
η0. Lower (2): The dynamical quark mass Mq obtained with a pa-
rameter set (GS ,GD) in the chiral limit. The black area labeled by ‘a’
denotes the dynamical quark mass obtained with the anomaly driven
breaking GS < 1, while the gray area labeled by ‘b’ stands for Mq
obtained with the normal symmetry breaking GS ≥ 1.
GD > 0 for further calculations.
For the σ0 mass, it is known that the σ0 mass is equal
to 2Mq in the chiral limit with GD = 0 in the ladder ap-
proximation [34]. For GD < 0 the anomaly term works
attractively to the σ0 channel. Thus, the σ0 meson is
a bound state of the quark and antiquark for GD < 0,
while the anomaly term with GD > 0 contribute to the
σ0 channel repulsively and the σ0 is found to be a reso-
nance state.
In Fig. 4 we show the correlation of the masses of
the σ0 and η0 masses obtained by the parameter set
(GS ,GD) shown in region I and II of Fig. 3(1). The
black area shows again the masses obtained in the
anomaly driven breaking with GS < 1. This figure
shows that in the anomaly driven breaking the η0 mass is
always larger than that of the σ0 meson. Furthermore,
only the standard breaking can take place for large σ0
masses. These are consistent with the linear σ model.
Let us now introduce the explicit chiral symmetry
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Figure 4: Correlation between the σ0 and η0 masses obtained in
the chiral limit with the parameter set (GS ,GD) in region I and II of
Fig. 3(1). The dashed line stands for mη0 = mσ0 . The black area
labeled by ‘a’ denotes the meson masses obtained with the anomaly
driven breaking GS < 1, while the gray area labeled by ‘b’ stands for
mσ0 and mη0 obtained with the normal symmetry breaking GS ≥ 1.
breaking with finite current quark masses. We deter-
mine the values of the current quark masses so as to
reproduce the isospin averaged masses of the pion and
kaon as mπ = 138.04 MeV and mK = 495.65 MeV, re-
spectively, for each model parameter set (GS ,GD). We
take the model parameters in the region of
0.8 ≤ GS ≤ 1.2, −1.3 ≤ GD ≤ 0.0. (38)
Within the above parameter region, we show the results
when the pion and kaon are found to be bound state so-
lutions of Eq. (32) with the observed masses. These
parameter sets are shown in Fig. 5 as the grey and black
ares. The values of the current quark masses are found
to be distributed in the following ranges:
4.3 MeV < mq < 5.8 MeV, ave. 5.5 MeV, (39a)
120 MeV < ms < 170 MeV, ave. 141 MeV. (39b)
As seen in Fig. 5, while the anomaly driven symme-
try breaking takes place with wider parameter area than
in the chiral limit, the η0 meson becomes less stable.
With largerGD in magnitude, the η0 meson becomes un-
bound. The white area in Fig. 5 means that the pion and
kaon cannot be reproduced with the physical masses as
bound states of the dynamical quarks.
We calculate the dynamical quark masses Mq and
Ms for each parameter set (GS ,GD) by the gap equa-
tions (28). The obtained dynamical masses are shown
in Fig. 6. Again with the larger GD we obtain the heav-
ier dynamical masses, and the dynamical masses are
smaller in the anomaly driven breaking than in the stan-
dard breaking for each GD.
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Figure 5: Same as Fig. 3(1) calculated with the finite current quark
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pion and kaon are not found with their physically observed masses as
bound states of the dynamical quarks.
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Figure 6: Dynamical quark masses, Mq (left) and Ms (right), calcu-
lated with a parameter set (GS ,GD) and finite current quark masses.
The black area labeled by ‘a’ denotes the dynamical quark mass ob-
tained with the anomaly driven breaking GS < 1, while the gray
area labeled by ‘b’ stands for Mq obtained with the normal symmetry
breaking GS ≥ 1. The current quark masses are determined so as to
reproduce the pion and kaon masses.
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Figure 7: Correlation between the values of the real part of the η0
mass and the dynamical quark mass Mq . The area indicated by ‘a’ is
where the values of the η0 masses are obtained with GS < 1, in which
the anomaly driven breaking takes place. The area indicated by ‘b’ is
where the values of the η0 masses are obtained with GS > 1, in which
the standard symmetry breaking takes place. The horizontal solid line
shows the observed η′ mass, while the dashed line expresses 2Mq.
The η0 mesons found above the dashed line are resonance states.
With the dynamical quark masses obtained above, we
calculate the η0 meson mass by solving Eq. (32) with
the parameters in the range of Eq. (38). The η0 mass
is looked for in the region of Remη0 < 2
√
M2q + Λ
2
and −Immη0 < 2Ms. In Fig. 7, we show the correla-
tion between the real part of the η0 mass and the dy-
namical quark mass Mq. First of all, we find that the
η0 mass is strongly dependent on the model parameters.
We specify the η0 mass obtained with GS < 1, where
the anomaly driven breaking takes place, as the black
area labeled by ‘a’, while the η0 mass obtained with
GS > 1, where the standard symmetry breaking takes
place, is shown as the gray area labeled by ‘b’. Figure 7
shows that in the anomaly driven breaking the η0 meson
is found as a resonance with a relatively smaller dynam-
ical quark mass. In the standard breaking, the η0 meson
can be found as a bound state. It is also interesting to
note that the η0 mass looks proportional to the dynam-
ical quark mass. This implies that the η0 meson is a
bound (or resonance) state of the dynamical quark and
antiquark like theσ0 meson not a Nambu-Goldstone bo-
son. Thus, the constituents of the η0 meson are the dy-
namical quarks and the η0 mass scales to the dynamical
quark mass.
Now let us fix the value of the GD parameter so as
to reproduce the η′ mass. For each GS we determine
the GD parameter so that the real part of the η0 mass is
obtained to be the observed η′ mass mη′ = 957.78 MeV.
The determined GD is shown in Fig. 8 (1) as a function
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ofGS . In Fig. 8 (2), we show the correspondingσ0 mass
together with the dynamical quark masses. The σ0 mass
is found to be very closed to 2Mq. The figure shows that
mσ0 < 760 MeV, for GS < 1, (40)
mσ0 > 760 MeV, for GS > 1. (41)
This means that if mσ0 < 760 MeV the anomaly driven
breaking takes place. This is consistent with the linear
σ model.
4. Summary
We have shown that with sufficiently large anomaly
contributions chiral symmetry is broken spontaneously
even if chiral symmetry is not broken without the
anomaly term, both in the linear σ model and the NJL
model.
In the linear σ model, such an anomaly driven sym-
metry breaking takes place for the σ0 mass within
1
9
m2η0 < m
2
σ0
< 1
3
m2η0 compared with the η0 mass in the
chiral limit. This implies that the σ0 meson should be
light. In other words, the η0 mass should be larger than
the mass scale of the chiral symmetry breaking, which
may be the σ0 mass. For the standard chiral symme-
try breaking, we have found m2η0 < 3m
2
σ0
in the chi-
ral limit, which suggests that the σ0 meson should be
heavy. With the explicit breaking included, the con-
dition for the anomaly driven symmetry breaking be-
comes more quantitative, that is mσ0 < 840 MeV in the
linearσmodel reproducing the π, η0 and η8 masses with
the ratio fK/ fπ. If the anomaly driven breaking should
not take place, this would give us the lower limit of the
σ0 mass.
In the NJL model also, the anomaly driven break-
ing takes place with sufficiently large anomaly contri-
butions. It is interesting that, in the chiral limit, where
the phase boundary for the dynamical symmetry break-
ing is clearly defined, the anomaly driven breaking does
not take place when the η0 meson is found as a bound
state of the quark and antiquark. This means that for
the anomaly driven breaking the η0 meson should have
a larger mass than the typical energy scale of the chiral
symmetry breaking. This is consistent with the find-
ing in the linear sigma model. With the explicit break-
ing, we have found also that the observed η′ mass is
reproduced with relatively small masses of the dynam-
ical quark in the anomaly driven breaking, while in
the standard symmetry breaking, to reproduce the η0
mass, larger dynamical masses are necessary. With the
anomaly term fixed by the observed η′ mass, we have
found that the anomaly driven symmetry breaking takes
place with mσ0 < 760 MeV. This is also consistent with
the linear sigma model.
Both chiral effective theories conclude that, in the
standard symmetry breaking, the σ0 meson regarded as
the quantum fluctuation of the chiral condensate have a
relatively large mass than a order of 800 MeV, while the
σ0 mass can be smaller in the anomaly driven symme-
try breaking. Since the anomaly-driven breaking of the
chiral symmetry provides a light scalar meson σ0 which
is a singlet under SU(3)flavor symmetry, the nonet scalar
mesons including the σ0 might be able to explain the
spectra of light scalar mesons below 1GeV. The anal-
ysis of this line with including the effect of mixing be-
tween σ0 and an isospin zero member of the octet is
done in Ref. [39].
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Appendix A. Calculation details of the NJL model
In this section we show the detailed calculations of
the formulae using in the NJL model. The loop integrals
are performed with the three momentum cutoff Λ.
The right hand side of Eq. (29) is calculated as
〈q¯q〉 = −iNclim
x→0
Tr[S F (x)] = −iNc
∫
d4q
(2π)4
Tr
[
1
p/ − M
]
= −NcM
π2
∫ Λ
0
p2√
p2 + M2
dp
= −NcMΛ
2
2π2

√
1 +
M2
Λ2
− M
2
Λ2
log
Λ +
√
Λ2 + M2
M
 .
(A.1)
The first term of the effective potential (30) is ob-
tained as
i
∫
d4p
(2π)4
Tr
[
log(p/ − M) + p/ − m
p/ − M
]
= − Λ
4
8π2

(
2 +
M2
Λ2
) √
1 +
M2
Λ2
−M
4
Λ4
log
Λ +
√
Λ2 + M2
M
 − M − mNc 〈q¯q〉, (A.2)
where we have removed terms independent of M.
The loop functions for the pseudoscalar and scalar
channels at rest P = (
√
s, 0, 0, 0) are given for a bound
state
√
s ≤ 2M by
JPS(
√
s; M)
= Nci
∫
d4p
(2π)4
Tr
[
iγ5
1
p/ − M iγ5
1
p/ − P/ − M
]
=
NcΛ
2
4π2
2
√
1 +
M2
Λ2
− 2M
2 − s
Λ2
log
Λ +
√
Λ2 + M2
M
−
√
s(4M2 − s)
Λ4
tan−1
√
s
4M2 − s
√
Λ2
Λ2 + M2
 ,
(A.3)
and
JS(
√
s; M)
= Nci
∫
d4p
(2π)4
Tr
[
1
p/ − M
1
p/ − P/ − M
]
=
NcΛ
2
4π2
2
√
1 +
M2
Λ2
− 6M
2 − s
Λ2
log
Λ +
√
Λ2 + M2
M
+
√
(4M2 − s)3
sΛ4
tan−1
√
s
4M2 − s
√
Λ2
Λ2 + M2
 ,
(A.4)
respectively. For a kaon, different quarks are in the loop:
JPS,K(
√
s; M1, M2)
=Nci
∫
d4p
(2π)4
Tr
[
iγ5
1
p/ − M1
iγ5
1
p/ − P/ − M2
]
=
NcΛ
2
4π2

√
1 +
M2
1
Λ2
− M
2
1
+ M2
2
− s
2Λ2
log
Λ +
√
Λ2 + M2
1
M1
− (M1 − M2)
2
Λ2
ω1√
s
log
Λ +
√
Λ2 + M2
1
M1
− s − (M1 − M2)
2
Λ2
η√
s
tan−1
ω1
η
√
Λ2
Λ2 + M2
1

+ (M1 ↔ M2), (A.5)
where we have defined
ω1 =
s + M2
1
− M2
2
2
√
s
, ω2 =
s + M2
2
− M2
1
2
√
s
, (A.6)
η =
√
[(M1 + M2)2 − s][s − (M1 − M2)2]
2
√
s
. (A.7)
The loop functions for each channel are
Jη0 =
1
3
(2JPS(
√
s; Mq) + JPS(
√
s; Ms)), (A.8a)
Jπ = JPS(
√
s; Mq), (A.8b)
JK = JPS,K(
√
s; Mq, Ms), (A.8c)
Jη8 =
1
3
(JPS(
√
s; Mq) + 2JPS(
√
s; Ms)), (A.8d)
Jσ0 =
1
3
(2JS(
√
s; Mq) + JS(
√
s; Ms)). (A.8e)
The interaction kernels for the mesonic channels are
Kη0 = gS −
2
3
gD(2〈q¯q〉 + 〈s¯s〉), (A.9a)
Kπ = gS + gD〈s¯s〉, (A.9b)
KK = gS + gD〈q¯q〉, (A.9c)
Kη8 = gS +
1
3
gD(4〈q¯q〉 − 〈s¯s〉), (A.9d)
Kσ0 = gS +
2
3
gD(2〈q¯q〉 + 〈s¯s〉). (A.9e)
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